The main result of this note is the existence of martingale solutions to the stochastic heat equation (SHE) in a Riemannian manifold by using suitable Dirichlet forms on the corresponding path/loop space. Moreover, we present some characterizations of the lower bound of the Ricci curvature by functional inequalities of various associated Dirichlet forms.
Introduction sect1
This work is motivated by Tadahisa Funaki's pioneering work [8] for regular noise and Martin Hairer's recent construction [12] with singular noise of a natural evolution on the loop space over a Riemannian manifold (M, g). Both consider the formal Langevin dynamics associated to the energy E(u) = 1 2 S 1 g u(x) (∂ x u(x), ∂ x u(x))dx, for smooth functions u : S 1 → M. One would like to build a Markov process u taking values in loops over M with invariant (even symmetrizing) measure formally given by exp(−2E(u))Du. A natural way of interpreting exp(−2E(u))Du is to think of it as the Brownian bridge measure on M. See [1] for proofs that natural approximations of exp(−2E(u))Du do indeed converge to Wiener measure on C([0, 1]; M).
Processes with invariant (even symmetrizing) measure given by Wiener measure on C([0, 1]; M) were first constructed in the nineties by using the Dirichlet form given by the Malliavin gradient on path and loop spaces over Riemannian manifolds, see [7, 2] . In this case, we call the associated Dirichlet form O-U Dirichlet form. For an alternative approach, not based on Dirichlet forms, see [15] . After that there were several follow-up papers concentrating on non-compact Riemannian manifold, see [5, 19] . In particular, when M = R d these processes correspond to the Ornstein-Uhlenbeck processes from Malliavin calculus. When M = R d the stochastic heat equation also admits Wiener measure as the invariant measure. To construct the solution to the stochastic heat equation on Riemannian manifold, in [12] Martin Hairer wrote the equation in local coordinates informally as: 
and ξ i is a collection of independent space-time white noises. Equation (1.1) may be considered as some kind of a multi-component version of the KPZ equation. By regularity structure theory, recently developed in [11, 3, 4] , local wellposedness of (1.1) has been obtained in [12] .
In this note, we construct a new Dirichlet form (L 2 -Dirichlet form) such that the associated Markov process solves the stochastic heat equation (SHE) with values in a Riemannian manifold. Moreover, we obtain some new characterizations of the lower bound of the Ricci curvature in terms of L 2 -gradient and functional inequalities associated to the above Dirichlet form. In addition, we also prove the logarithmic Sobolev inequality holds on the path space over a Riemannian manifold with lower bounded Ricci curvature. As a consequence, for the process we have L 2 -exponential ergodicity, recurrent irreducibility and the strong law of large numbers.
In Sections 2 and 3 below, we present and discuss these results in detail and explain the framework. We also sketch some proofs. The details of the proofs are contained in [16] . 
In order to construct Dirichlet forms associated to stochastic heat equations on Riemannian path space, we need to introduce the following L 1 -distance, which is a smaller distance than the above uniform distance
Let O(M) be the orthonormal frame bundle over M, and let π : O(M) → M be the canonical projection. Choosing a standard othornormal basis
of horizontal vector fields on O(M), and consider the following SDE, 
where
, the directional derivature of F with respect to h is given by
We call DF the L 2 -gradient of F on path space. Denote by H the Cameron-Martin space:
Taking {e k } ⊂ H such that it is an orthonormal basis in H, consider the following symmetric quadratic form
Sketch of the proof : For the compact Riemannian manifold, we can derive the closability of (E , F C 1 b ) by the integration by parts formula in [7] along each e k . By a localization technique, the integration by parts formula in [7] also can be extended to the general Riemannian manifolds, which implies the closability in the general case. The quasi-regularity of the Dirichlet form follows essentially by the same argument as in [13] .
By using the theory of Dirichlet forms (refer to [13] ), we obtain:
is a E -quasi-continuous version of T t u for all t > 0, where T t is the semigroup associated with (E , D(E )).
Here for the notion of E -quasi-continuity we refer to [13, ChapterIII,Definition 3.2]. By Fukushima's decomposition we have T2.3 Theorem 2.3. There exists a properly E -exceptional set S ⊂ E, i.e. µ o (S) = 0 and P z [X(t) ∈ E \ S, ∀t ≥ 0] = 1 for z ∈ E\S, such that ∀z ∈ E\S under P z , the sample paths of the associated process M = (Ω, F , M t , (X(t)) t≥0 , (P z ) z∈E ) on E satisfy the following: for u ∈ D(E )
where M u is a martingale with quadratic variation process given by 
Properties of SHE sect3
In this section, we will study properties of X t , t ≥ 0, constructed in Section 2. First we present the logarithmic Sobolev inequality for the damped gradientDF assuming M is stochastically complete, which implies the logarithmic Sobolev inequality for the Dirichlet form considered in Section 2. For any F ∈ F C 1 b , we define the damped gradientDF of F bỹ
where M t is the solution of the equation
Suppose that Ric ≥ −K for K ∈ R. Define the quadratic form corresponding toDF byẼ
In particular, we have
In fact, Theorem 3.1 had first been proved in [10] . Compared to the results in there, our constant C(K) is smaller. By comparing the classical O-U Dirichlet form and the L 2 -Dirichlet form, we note that the the LSI associated to the two Dirichlet forms are essentially different, the former requires upper and lower bounds of the Ricci curvature of M, and the latter only needs a lower bound for the Ricci curvature.
(ii) According to [17] , the log-Sobolev inequality implies hypercontractivity of the associated semigroup P t , in particular, the L 2 -exponential ergodicity of the process:
The log-Sobolev inequality also implies the irreducibility of the Dirichlet form (E , D(E )). It is obvious that the Dirichlet form (E , D(E )) is recurrent. Combining these two results, by [FOT94, Theorem 4.7.1], for every nearly Borel nonexceptional set B,
Here σ B = inf{t > 0 : X t ∈ B}, θ is the shift operator for the Markov process X, and for the definition of nearly Borel non-exceptional set we refer to [FOT94] .
Moreover by [FOT94, Theorem 4.7.3] we obtain the following strong law of large
Sketch of the proof of Theorem 3.1 : The proof follows from the following martingale representation: for F ∈ L 2 (µ o ),
and some delicate estimates. Here W is the anti-development of γ and {F s } is the filtration generated by W .
Upper and lower bounds of the Ricci curvature on a Riemannian manifold were well characterized by the diffusion process associated to the O-U Dirichlet form given by the Malliavin gradient in [14] . If the O-U Dirichlet form is replaced by our L 2 -Dirichlet form, then we can only obtain the following characterizations for the lower bound of the Ricci curvature. This further indicates that these two processes have essential differences.
In fact, the results in Section 2 and Theorem 3.1 also hold when we change 1 to any T > 0. To state our results, let us first introduce some notations: For any point .2) with 1 replaced by T , define
Let p t be the Markov semigroup of the process x y given by p t f (y) = E[f (x t,y )], y ∈ M, f ∈ B b (M), t ≥ 0. Denote by C ∞ 0 (M) the set of all smooth functions with compact support on M.
T3.3 Theorem 3.3. For K ∈ R, the following statements are equivalent:
(1) Ric ≥ −K. 
